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Some congruences modulo 5 and 25 for overpartition
Shane Chern and Manosij Ghosh Dastidar
Abstract. We present two new Ramanujan-type congruences modulo 5 for overpartition.
We also give an affirmative answer to a conjecture of Dou and Lin, which includes four
congruences modulo 25 for overpartition.
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1. Introduction
An overpartition of a positive integer n is a partition of n where the first occurrence
of each distinct part may be overlined. For example, 3 has the following eight
overpartitions:
3, 3, 2 + 1, 2 + 1, 2 + 1, 2 + 1, 1 + 1 + 1, 1 + 1 + 1.
As usual, we use p(n) to denote the number of overpartitions of n. We also agree
that p(0) = 1. It is well known that the generating function of p(n) is∑
n≥0
p(n)qn =
(−q; q)∞
(q; q)∞
=
(q2; q2)∞
(q; q)2∞
,
where we adopt the standard notation
(a; q)∞ =
∏
n≥0
(1 − aqn).
For convenience, when k is a positive integer, we write
Ek = Ek(q) := (q
k; qk)∞.
Similar to the standard partition function p(n), many authors also found various
Ramanujan-type identities and congruences for p(n). The interested readers may
refer to [4, 7, 8, 9, 11]. Recently, Dou and Lin [5] presented the following four
congruences for p(n):
p(80n+ t) ≡ 0 (mod 5),
where t = 8, 52, 68, and 72. In a subsequent paper, Hirschhorn [6] obtained simple
proofs of Dou and Lin’s congruences.
The main purpose of this paper is to give an elementary proof to a conjecture of
Dou and Lin [5].
Theorem 1.1. For n ≥ 0,
p(80n+ 8) ≡ 0 (mod 25), (1.1)
p(80n+ 52) ≡ 0 (mod 25), (1.2)
p(80n+ 68) ≡ 0 (mod 25), (1.3)
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p(80n+ 72) ≡ 0 (mod 25). (1.4)
Furthermore, using a powerful method involving modular forms due to Radu
and Sellers [10], we also obtain two new congruences modulo 5 for p(n).
Theorem 1.2. For n ≥ 0,
p(135n+ t) ≡ 0 (mod 5), (1.5)
where t = 63 and 117.
2. Proof of Theorem 1.1
2.1. Preliminaries. We first introduce some notations of Ramanujan’s theta func-
tions. Let
ϕ(q) :=
∞∑
n=−∞
qn
2
and ψ(q) :=
∑
n≥0
qn(n+1)/2.
We can write ϕ(q), ϕ(−q), ψ(q), and ψ(−q) in terms of some Ek’s defined in the
previous section:
ϕ(q) =
E52
E21E
2
4
, ϕ(−q) =
E21
E2
, ψ(q) =
E22
E1
, ψ(−q) =
E1E4
E2
.
We also write
χ(q) =
E22
E1E4
, χ(−q) =
E1
E2
, f(−q) = E1.
At first, we notice that from the binomial theorem,
E25k ≡ E
5
5k (mod 25)
holds for any positive integer k. The following results also play an important role
in our proof of Theorem 1.1.
Lemma 2.1.
E25
E410
≡
E261
E282
+ q
E21
E42
(mod 25). (2.1)
Proof. Ramanujan [3, p. 365, Eq. (18.1)] asserted that
ψ(q)2 − qψ(q5)2 =
f(−q5)ϕ(−q5)
χ(−q)
,
that is,
E42
E21
− q
E410
E25
=
E2E
3
5
E1E10
.
Hence we have
E25
E410
=
E21
E42
(
E2E
5
5
E1E510
+ q
)
≡
E21
E42
(
E2E
25
1
E1E252
+ q
)
=
E261
E282
+ q
E21
E42
(mod 25).

Lemma 2.2.
1
E5E20
≡
E402
E211 E
21
4
+ 4q
E31E
3
4
E82
(mod 25). (2.2)
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Proof. Ramanujan [2, p. 258, Entry 9(iii)] also asserted that
ϕ(q)2 − ϕ(q5)2 = 4qχ(q)f(−q5)f(−q20),
that is,
E102
E41E
4
4
−
E1010
E45E
4
20
= 4q
E22E5E20
E1E4
.
Hence we have
1
E5E20
=
E41E
4
4
E102
(
E1010
E55E
5
20
+ 4q
E22
E1E4
)
≡
E41E
4
4
E102
(
E502
E251 E
25
4
+ 4q
E22
E1E4
)
=
E402
E211 E
21
4
+ 4q
E31E
3
4
E82
(mod 25).

Let
p = p(q) :=
ϕ(q)2 − ϕ(q3)2
2ϕ(q3)2
,
and
k = k(q) :=
ϕ(q3)3
ϕ(q)
.
The following relations are due to Alaca and Williams [1].
Lemma 2.3.
E1 = 2
− 1
6 q−
1
24 p
1
24 (1− p)
1
2 (1 + p)
1
6 (1 + 2p)
1
8 (2 + p)
1
8 k
1
2 , (2.3)
E2 = 2
− 1
3 q−
1
12 p
1
12 (1− p)
1
4 (1 + p)
1
12 (1 + 2p)
1
4 (2 + p)
1
4 k
1
2 , (2.4)
and
E4 = 2
− 2
3 q−
1
6 p
1
6 (1− p)
1
8 (1 + p)
1
24 (1 + 2p)
1
8 (2 + p)
1
2 k
1
2 . (2.5)
2.2. Proof of Eqs. (1.1) and (1.4). We need the following interesting identity.
Lemma 2.4.
E302
E1E314
+ 24q
E71E
6
2
E154
+ 21q2
E151 E4
E182
≡
E35
E210E
3
20
(mod 25). (2.6)
Proof. Note that
E35
E210E
3
20
=
E25
E410
·E5E20 ·
E210
E420
.
Hence it suffices to show(
E302
E1E314
+ 24q
E71E
6
2
E154
+ 21q2
E151 E4
E182
)
1
E5E20
≡
E25
E410
E210
E420
(mod 25).
Thanks to Lemmas 2.1 and 2.2, we can rewrite it as
0 ≡
E702
E221 E
52
4
−
E261
E22E
28
4
+ 24q
E462
E141 E
36
4
+ 3q
E21E
22
2
E284
+ 21q2
E222
E61E
20
4
+ 96q2
E101
E22E
12
4
− q2
E261
E262 E
4
4
− q3
E21
E22E
4
4
+ 84q3
E181 E
4
4
E262
(mod 25),
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or equivalently,
0 ≡
(
E702
E221 E
52
4
−
E261
E22E
28
4
+ 24q
E462
E141 E
36
4
+ 3q
E21E
22
2
E284
+ 21q2
E222
E61E
20
4
+ 96q2
E101
E22E
12
4
− q2
E261
E262 E
4
4
− q3
E21
E22E
4
4
+ 84q3
E181 E
4
4
E262
)
E61E
2
2E
20
4 (mod 25),
since the constant term in the series of E61E
2
2E
20
4 is 1 ∈ (Z/25Z)
×, and hence
E61E
2
2E
20
4 is invertible in the ring Z/25Z[[q]]. According to Lemma 2.3, it becoms
0 ≡
25
4096
k12p(1− p)6(1 + p)2(2 + p)3R1(p) (mod 25),
where
R1(p) = 768 + 10240p+ 69056p
2 + 293440p3 + 841488p4 + 1663680p5
+ 2253588p6 + 1995132p7 + 1015539p8 + 199890p9− 17692p10
+ 784p11 − 4p12.
Hence the identity follows obviously. 
Now from [6, Eq. (3.4)], we deduce that∑
n≥0
p(16n+ 8)qn ≡ 3qE1
E252 E
25
4
E501
(
E302
E1E314
+ 24q
E71E
6
2
E154
+ 21q2
E151 E4
E182
)
≡ 3qE1
E510E
5
20
E105
E35
E210E
3
20
= 3qE1
E310E
2
20
E75
(mod 25).
Note that
E1 =
∞∑
n=−∞
(−1)nq(3n
2+n)/2
has no terms of the form q5n+3 and q5n+4, while
E3
10
E2
20
E7
5
is a series of q5. Hence
p(16(5n+ 4) + 8) = p(80n+ 72) ≡ 0 (mod 25),
and
p(16(5n) + 8) = p(80n+ 8) ≡ 0 (mod 25).
2.3. Proof of Eqs. (1.2) and (1.3). This time we need
Lemma 2.5.
E102
E111 E4
+ 14q
E154
E31E
14
2
+ 16q2
E51E
31
4
E382
≡
E5E
3
20
E610
(mod 25). (2.7)
Proof. Note that
E5E
3
20
E610
=
E25
E410
·
1
E5E20
·
E420
E210
.
It therefore suffices to show(
E102
E111 E4
+ 14q
E154
E31E
14
2
+ 16q2
E51E
31
4
E382
)
E210
E420
≡
E25
E410
1
E5E20
(mod 25).
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Again by Lemmas 2.1 and 2.2, we can rewrite it as
0 ≡
E362
E111 E
29
4
−
E51E
12
2
E214
− q
E362
E191 E
21
4
+ 14q
E122
E31E
13
4
− 4q
E291 E
3
4
E362
+ q2
E122
E111 E
5
4
+ 12q2
E51E
3
4
E122
+ 14q3
E114
E31E
12
2
+ 16q4
E51E
27
4
E362
(mod 25),
or equivalently,
0 ≡
(
E362
E111 E
29
4
−
E51E
12
2
E214
− q
E362
E191 E
21
4
+ 14q
E122
E31E
13
4
− 4q
E291 E
3
4
E362
+ q2
E122
E111 E
5
4
+ 12q2
E51E
3
4
E122
+ 14q3
E114
E31E
12
2
+ 16q4
E51E
27
4
E362
)
E31E
13
4 (mod 25).
According to Lemma 2.3, it becoms
0 ≡
25k6p(2 + p)3
4096(1 + 2p)3
R2(p) (mod 25),
where
R2(p) = 256 + 3200p+ 9536p
2 + 7264p3 − 35088p4 − 94272p5 − 66744p6
+ 20184p7 + 22830p8 − 24652p9 − 19400p10 − 302p11 + 41p12.
The lemma follows immediately. 
Similarly we see from [6, Eq. (3.3)] that∑
n≥0
p(16n+ 4)qn ≡ 14E1
E752
E501 E
25
4
(
E102
E111 E4
+ 14q
E154
E31E
14
2
+ 16q2
E51E
31
4
E382
)
≡ 14E1
E510E
5
20
E105
E5E
3
20
E610
= 14E1
E820
E95E10
(mod 25).
Through a similar argument, we conclude that
p(16(5n+ 3) + 4) = p(80n+ 52) ≡ 0 (mod 25),
and
p(16(5n+ 4) + 4) = p(80n+ 68) ≡ 0 (mod 25).
3. Proof of Theorem 1.2
3.1. The method of Radu and Sellers. Let Γ := SL2(Z). For a positive integer
N , we define
Γ0(N) =
{(
a b
c d
) ∣∣∣∣ c ≡ 0 (mod N)
}
,
and
Γ∞ =
{(
1 h
0 1
) ∣∣∣∣ h ∈ Z
}
.
Let M be a positive integer. We denote by R(M) = {r : r = (rδ1 , . . . , rδk)} the
set of integer sequences indexed by the positive divisors 1 = δ1 < · · · < δk = M
of M . For a positive integer m, we set [s]m = s+mZ. We also denote by Z
∗
m the
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set of all invertible elements in Zm, and by Sm the set of all squares in Z
∗
m. For
t ∈ {0, . . . ,m− 1}, we set
Pm,r(t) =

t′ | t′ ≡ ts+ s− 124
∑
δ|M
δrδ (mod m), 0 ≤ t
′ ≤ m− 1, [s]24m ∈ S24m

 ,
pm,r(γ) = min
λ∈{0,...,m−1}
1
24
∑
δ|M
rδ
gcd2(δ(a+ κλc),mc)
δm
,
and
p∗r′(γ) =
1
24
∑
δ|N
r′δ gcd
2(δ, c)
δ
,
where γ =
(
a b
c d
)
, r ∈ R(M), r′ ∈ R(N), and κ = κ(m) = gcd(m2 − 1, 24).
Finally let
fr(q) :=
∏
δ|M
(qδ; qδ)rδ∞ =
∑
n≥0
cr(n)q
n
for some r ∈ R(M). Radu and Sellers’ result states as
Lemma 3.1. Let u be a positive integer, (m,M,N, t, r = (rδ)) ∈ ∆
∗, the set of
tuples satisfying conditions given in [10, p. 2255], r′ = (r′δ) ∈ R(N), n be the
number of double cosets in Γ0(N)\Γ/Γ∞, and {γ1, . . . , γn} ⊂ Γ be a complete set of
representatives of the double coset Γ0(N)\Γ/Γ∞. Assume that pm,r(γi)+p
∗
r′(γi) ≥ 0
for all i = 1, . . . , n. Let tmin := mint′∈Pm,r(t) t
′ and
v :=
1
24



∑
δ|M
rδ +
∑
δ|N
r′δ



N∏
p|N
(1 + p−1)

−∑
δ|N
δr′δ

− 1
24m
∑
δ|M
δrδ −
tmin
m
.
Then if
⌊v⌋∑
n=0
cr(mn+ t
′)qn ≡ 0 (mod u),
for all t′ ∈ Pm,r(t), then∑
n≥0
cr(mn+ t
′)qn ≡ 0 (mod u),
for all t′ ∈ Pm,r(t).
3.2. Proof of Theorem 1.2. To apply the method of Radu and Sellers, we notice
that
E2
E21
≡
E31E2
E5
(mod 5).
Then we may take
(m,M,N, t, r = (r1, r2, r5, r10)) = (135, 10, 30, 63, (3, 1,−1, 0)) ∈ ∆
∗.
By the definition of Pm,r(t), we have
Pm,r(t) = {t
′ | t′ ≡ ts (mod m), 0 ≤ t′ ≤ m− 1, [s]24m ∈ S24m} = {63, 117}.
Now we can choose
r′ = (r′1, r
′
2, r
′
3, r
′
5, r
′
6, r
′
10, r
′
15, r
′
30) = (7, 2, 0, 0, 0, 1, 0, 0).
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Let
γδ =
(
1 0
δ 1
)
.
It follows by [10, Lemma 2.6] that {γδ : δ | N} contains a complete set of represen-
tatives of the double coset Γ0(N)\Γ/Γ∞. One may verify that all assumptions of
Lemma 3.1 are satisfied. Hence we obtain the upper bound ⌊v⌋ = 37. Theorem 1.2
follows immediately by checking the two congruences for n from 0 to 37.
3.3. Remarks. We remark that this method can also be applied to prove Theorem
1.1. At first, note that
E2
E21
≡
E231 E2
E55
(mod 25).
Now for p(80n+ 8) and p(80n+ 72), we choose
(m,M,N, t, r = (r1, r2, r5, r10)) = (80, 10, 40, 8, (23, 1,−5, 0)) ∈ ∆
∗,
and compute Pm,r(t) = {8, 72}. Then we set
r′ = (r′1, r
′
2, r
′
4, r
′
5, r
′
8, r
′
10, r
′
20, r
′
40) = (5, 0, 0, 0, 0, 0, 0, 0),
and therefore obtain the upper bound ⌊v⌋ = 71.
Similarly, for p(80n+ 52) and p(80n+ 68), we have
(m,M,N, t, r = (r1, r2, r5, r10)) = (80, 10, 40, 52, (23, 1,−5, 0)) ∈ ∆
∗,
Pm,r(t) = {52, 68}, r
′ = (r′1, r
′
2, r
′
4, r
′
5, r
′
8, r
′
10, r
′
20, r
′
40) = (5, 0, 0, 0, 0, 0, 0, 0),
and thus the upper bound ⌊v⌋ = 71.
Finally, we see that Theorem 1.1 follows directly from a simple verification.
Acknowledgements. We thank George E. Andrews and Yucheng Liu for some
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